. Moduli spaces of stable maps to a smooth projective variety typically have several components. We express the virtual class of the moduli space of genus one stable maps to a smooth projective variety as a sum of virtual classes of the components. The key ingredient is a generalised functoriality result for virtual classes. We show that the natural maps from 'ghost' components of the genus one moduli space to moduli spaces of genus zero stable maps satisfy the strong push forward property. As a consequence, we give a cycle-level formula which relates standard and reduced genus one Gromov-Witten invariants of a smooth projective Calabi-Yau theefold.
I
Let X be a smooth projective variety in P r . LetM g,n (X, d ) be the moduli space of stable maps to X with genus g and homology class d ∈ H 2 (X ; Z) [14] . ThenM g,n (X, d ) has virtual dimension vdim = n + (1 − g )(dim X − 3) + c 1 (T X ) · d and a virtual class [M g,n (X, d )] virt ∈ A vdim (M g,n (X, d )): see [3, 17, 18] . GromovWitten (GW) invariants of X are intersection numbers against this virtual class. They are related to counts of curves in X of genus g and class d .
For g > 0, GW invariants also encode some contributions from degenerate lower genus stable maps. These contributions are fairly well understood for genus one GW invariants of threefolds. In genus one, Zinger and Li-Zinger prove a formula which expresses GW invariants in terms of reduced invariants (which are closely related to BPS numbers) and degenerate contributions. From now on, we restrict ourselves to the genus-one case.
The degenerate contributions reflect the structure of the moduli space of stable maps, which has many components, some of which contribute to GW invariants. For example, the moduli space of stable maps M (P) =M 1,n (P r , d ) has a main component M (P) 0 , whose generic point is a map from a smooth genus one curve, and several other components
Here λ denotes the combinatorial data (k ; n 0 , . . . , n k ; d 1 , . . . , d k ) and Γ λ is the (finite) automorphism group of this data. With this notation we have M (P) = M (P) 0 ∪ λ ∈I M (P) λ for an appropriate index set I . The first step in the analysis is the definition of reduced invariants [27, 30] . The idea is to construct a blow-upM (P) of the moduli space of stable maps, which induces a blow up of M (X ). Consider
OnM (X ) 0 it is possible to define a virtual class [27, 30] . Reduced GW invariants are intersection numbers against this virtual class. Following [5, 11] , we will refer toM (P) λ andM (X ) λ , λ ∈ I , as 'ghost components'. In this paper, we define virtual classes on the ghost components M (X ) λ and prove: Theorem 1.1. We have the following equality in A * (M (X )):
There is a natural projection from the boundary componentM (X ) λ to the space P (X ) λ =M 0,1+n 1 (P r , d 1 ) × P r . . .
which forgets the collapsed genus-1 component. P (X ) λ carries a natural virtual class [P (X ) λ ] virt , and we prove: Theorem 1.2. Let X be a smooth projective threefold. Then, the morphisms q λ :M (X ) λ (X ) → P (X ) λ satisfy the strong virtual push-forward property.
Theorems 1.1 and 1.2 together give a cycle-level proof of the Zinger/ Li-Zinger formula [20, 29, 30] . Theorem 1.3. Let X be a Calabi-Yau threefold. Then, the reduced invariants and GW invariants of X are related by the formula GW X 1,β = GW X,red 1,β + 1 12 GW X 0,β . Theorem 1.3 is a particular case of [30] which holds for X any compact symplectic manifold of dimension 2 and 3 and of [29] which holds for X any compact symplectic manifold of any dimension. A similar statement appears in [19, 20] . Algebraically it has been proved by Chang and Li [5] , for X the quintic threefold, using a slightly different definition for reduced Gromov-Witten invariants to Zinger [30] . See below for a detailed discussion.The algebraic method uses the moduli space of maps with fields [4] . Note that unlike [5, 20] we do not require X to be a complete intersection.
Outline of the proof. The key ingredient in our splitting of the virtual class (1) is a functoriality property for virtual classes. This generalises the functoriality result of Kim-Kresch-Pantev [13, 21] . Their setting is the following. Suppose that we are given
• DM-type morphisms of stacks i : F → G and j : G → H ;
• a compatible triple (E ∨ 
where the rows are distinguished triangles. Let us write
G /H ) for the vector bundle stacks determined by the obstruction theories. These data determine (1) a morphism F × P 1 → Def G H ; and (2) a perfect dual obstruction theory E F ×P 1 /Def G H ; where Def G H is the deformation to the normal cone [8, 15] . In turn, these determine a family of cone stacks [3] , and an embedding of this family into a vector bundle stack. On the general fiber, this is
The latter equality holds in the Chow group of the double deformation space Def F ×P 1 Def G H . It follows that
We would like to apply this with F = M (X ), G = M (P), and H equal to the Picard stack Pic, and then argue that, since M (P) has components, this gives a splitting of the virtual class:
The problem with this is that E M (X )/M (P) is not perfect, and so in particular i ! does not make sense. Also, we do not have a perfect dual obstruction theory E M (X )×P 1 /Def M (P) Pic . However, inspired by cosection localisation [12] , we will resolve these problems by blowing up. The first step is to replace M (X ), M (P), and Pic by the Vakil-Zinger blowupsM (X ),M (P), andPic. The dual obstruction theory EM (X )/M (P) is still not perfect but it is now a union of vector bundles, which have different ranks onic, and then truncating the pullback of the obstruction theory (3). By construction this truncation is perfect; it has the same general fiber as before, but a different special fiber.
Write Z (X ) 0 for the blow-up of Bl (M (X )) 0 × P 1 and Z (X ) λ for the blow-up of Bl (M (X )) 0 × P 1 . At this point we have vector bundle stacks
built from the obstruction theory (3) and
built from the obstruction theory (2). These vector bundle stacks contain families of cones, with general fibres
The class of special fibre supported on the main component can be written as
in A * (H 0 ) and the class of the special fibre supported on the ghost components can be written as
denote the components of C Bl (M (P))Pic supported on the main component and on the ghost component respectively. We show that when we sum over λ in {0} ∪ I , the correction classes cancel. This is done in the proof of Theorem 8.1.
The classes
define virtual classes that satisfy:
Pushing this splitting forward toM (X ) proves Theorem 1. The final step is to show that the splitting behaves well with respect to push forward. This is the content of section §9. Theorem 1.1 is a particular case of a functoriality property for virtual classes in the presence of a 3-term obstruction theory. We expect that a more general functoriality statement would solve many related questions. For example, this would apply to derive an analogue of Theorem 1.3 in higher genus. We will address these topics in future work.
Relation to other works. Reduced genus 1 invariants are the output of a long and impressive project. Reduced invariants were defined, using symplectic methods, and compared to Gromov-Witten invariants by Zinger [28] [29] [30] 32] . Li-Zinger showed [19, 20] that reduced Gromov-Witten invariants are the integral of the top Chern class of a sheaf over the main component of M (P); this is an analog, for reduced genus 1 invariants, of the quantum Lefschetz hyperplane property [19, 20] . In view of [30] this also gives a proof of Theorem 1.3. The algebraic definition requires a blow-up construction for the moduli space of stable maps to projective space due to Vakil and Zinger [26, 27] . Explicit local equations for this blow-up are given in [11, 32] . A modular interpretation of reduced invariants via log maps has been given by Ranganathan, Santos-Parker and Wise [25] . More recently, reduced invariants for the quintic threefold have been compared to Gromov-Witten invariants using algebrogeometric methods by Chang and Li [5] . As we do, Chang-Li define reduced invariants as the integral against the top Chern class class of a sheaf but, as discussed above, this gives the same reduced invariants as [30] . The algebraic comparison relies on the construction of maps with fields due to Chang and Li [4] , and on Kiem-Li's cosection localised virtual class [12] . A new proof of this comparison for complete intersections in projective spaces appears in [16] . Zinger has computed reduced invariants of projective hypersurfaces via localisation [31] . See [33] for a survey from the symplectic perspective.
Reduced Gromov-Witten invariants are also related to Gopakumar-Vafa invariants [9, 10] , and they coincide with Gopakumar-Vafa invariants for Fano targets [24] . Indeed the Gopakumar-Vafa invariants are by definition related to Gromov-Witten invariants by a recursive formula which takes into account degenerate lower genus and lower degree boundary contributions. These contributions were computed by Pandharipande in [24] . Recently, reduced invariants have been related to invariants from maps with cusps [1] .
N
The following is a table of the most frequently used notations in the paper.
X
a smooth projective variety N the normal bundle N X /P r of X in P r M 1,n or M the moduli space of prestable genus-one curves with n marked points M the Vakil-Zinger blow-up of M 1,n Pic the relative Picard stack over M 1,n parametrizing line bundles of degree β Pic the relative Picard stack overM 1,n Ξ i exceptional divisors onPic M (P) the moduli space of genus one stable maps to P r C (P) the universal curve over M (P) f : C (P) → P the universal stable map L the universal line bundle on C (P)
the moduli space of genus zero maps to P r M 0 (X ) the moduli space of genus zero maps to X M (X ) the moduli space of genus 1 stable maps to
a divisor on a family of curves which is given by a section of the family which meets every genus one subcurve σ a section of O(A) V a smooth space over Pic in which we embed M (P) V a smooth space overPic in which we embedM (P)
an obstruction theory for a DM type morphism F → G of algebraic stacks Def F G the deformation space of G to C F /G
R G -W I
In this section we define the genus-one reduced Gromov-Witten invariants of a smooth projective variety X , following Vakil-Zinger [26, 27] . This is an algebro-geometric version of the symplectic story developed in [30] . We begin by explaining how to embed the moduli space M (P) of genus-one stable maps to projective space into a smooth stack, giving a construction due to CiocanFontanine-Kim [6] . We then introduce the Vakil-Zinger blow-up of the moduli space M (P), and use it to define the reduced invariants of X .
3.1. Embeddings ofM 1,n (P r , β ) after Ciocan-Fontanine-Kim. We will now describe an embedding of M (P) into a smooth stack V , following [6] . Let M 1,n denote the stack of prestable genus-one curves with n marked points, and let Pic → M 1,n denote the relative Picard stack of line bundles of degree β . It is well known that M 1,n is a smooth Artin stack of dimension n. The stack Pic is smooth over M 1,n of relative dimension zero, by [23, Remark 2.5]; thus Pic is also smooth of dimension n. Let π : C → Pic be the universal curve and L → C be the tautological line bundle. Let Pic st denote the open substack of Pic obtained by imposing the stability condition
where P 1 , . . . , P n are the divisors in C defined by the marked points. Slightly abusing notation, we will denote by π : C → Pic st the universal curve, and by L → C the tautological line bundle.
We now construct a smooth Deligne-Mumford stack V into which M (P) will embed. The stack M (P) parametrizes, up to isomorphism, tuples C ; p 1 , ..., p n ; L; u 0 , . . . , u r where (i) C is a nodal curve of arithmetic genus one; (ii) p 1 , . . . , p n are distinct marked smooth points on C ; (iii) L is a line bundle on C of degree β · H ; (iv) u 0 , . . . , u r are global sections of L; such that ω C (p 1 + · · · + p n ) ⊗ L 3 is ample and that the base locus of u 0 , . . . , u r is empty. Let π : C (P) → M (P) denote the universal family. Choose a π-relatively very ample effective Cartier divisor on the universal family C → Pic. Let A → C denote the corresponding line bundle and σ : C → A denote the corresponding section. The map M (P) → Pic that classifies L induces a map C (P) → C, and we pull back A along this map. This gives a line bundlẽ A → C (P) which is very ample on each fiber of C (P) → M (P); we have that R 1 π * (L ⊗Ã ) vanishes on M (P).
Consider now the total space X of the bundle π * L ⊗ A ⊕(r +1) over Pic st . This is an Artin stack which parametrizes, up to isomorphism, tuples To embed M (P) into V , consider the sheaf E on C determined by the exact sequence
where the labelled map is multiplication by the section σ. The vector bundle
over V comes equipped with a tautological section induced by the morphism L ⊗ A → E. Let Z be the zero locus of this tautological section. On Z , the sections v i of L ⊗Ã are all divisible by our chosen section σ| C ofÃ; let 
gives a perfect obstruction theory for M (P) relative to ̟. This coincides with the usual perfect obstruction theory relative to ̟, which is given by the complex dual to R • π * ev * O (1) ⊕(r +1) where
is the universal family.
3.2. The Vakil-Zinger desingularization ofM 1,n (P r , β ). We now review the construction, due to Vakil-Zinger [27] and Hu-Li [11] , of a partial desingularizationM (P) of M (P). We give a variant of their construction, which sits in a Cartesian diagram
where the mapPic → Pic blows up the locus in Pic where the line bundle has degree zero on the genus-one component. More precisely, let ∆ k denote the closure in Pic of the locus where the line bundle has degree zero on the genus-one component C E , and C E meets k rational components. We blow up
Pic along ∆ 1 , ∆ 2 ,. . . , in that order, obtainingPic as the final blow-up. Diagram (4) shows thatν carries a perfect obstruction theory. By constructionPic is smooth of dimension n and therefore we can define a virtual class
Moreover s is proper, and so by Costello's push-forward theorem [7] s
Remark 3.1. The morphismPic → Pic is the analog for the Picard stack of the Vakil-Zinger weighted blow upM wt → M wt , where we use notation as in [11] . IndeedPic is the base change ofM wt → M wt along the forgetful morphism Pic → M wt .
The spaceM (P) has a main component denoted byM (P) 0 , where the generic map has smooth domain, and other componentsM (P) λ , λ ∈ I ; HuLi refer to theM (P) λ , λ ∈ I , as 'ghost components'. Generic stable maps in a ghost componentM (P) λ have a well-defined number of rational components that meet the elliptic component C E , and soM (P) λ sits over ∆ k for some unique k ; we refer to this number k of rational components as k (λ). Let V = V × PicP ic. ThenṼ is smooth and we have a Cartesian diagram
Proof. See [27, Theorem 1.1]; it also follows from [11, Theorem 2.18] or the description in [25] .
Let X ֒→ P r be a smooth projective variety, and let
Let N denote the normal bundle N X /P r , and let j :M (X ) →M (P) denote the morphism induced by the embedding of X in P r .
Proposition 3.3. The total space of the sheaf π * ev * N onM (X ) has components N λ , λ ∈ I ∪ {0}, where N λ is the total space of a vector bundle overM (X ) λ . The rank of the vector bundle N λ is
Proof. See [11, Theorem 2.10] and [27, Theorem 1.2]. Let C P →C P be the contraction of elliptic tails of the universal curve restricted toM (P) 0 and let π X :C X →M (X ) 0 be the projection andēv :C X → X the evaluation. By cohomology and base change we have that (π X ) * ē v * N is a vector bundle. The morphism C P →C P induces a morphism
This morphism is injective in all fibres and thus (π X ) * ē v * N is a component of the total space of the sheaf π * ev * N . Let π λ : C λ →M (X ) λ be the universal curve. OnM (X ) λ we have that cohomology commutes with base change, so in order to show that π λ * f * N is a vector bundle, we show that
Arguing much as in [11, Theorem 2.18], we see that the restriction of
Remark 3.5. Later in the paper we will consider the substackM X (P) of λ ∈IM (P) λ defined by insisting that the collapsed elliptic component maps to X . More precisely, we have thatM
Fix one of the nodes, say the one corresponding to the last marked point ofM 0,n 1 +1 (P). Let q :M (P) λ →M 0,n 1 +1 (P) be the projection, and set
Note thatM (X ) λ is contained inM X (P) λ . The vector bundles N λ →M (X ) λ extend to vector bundles onM X (P) λ , which we also denote by N λ , and Proposition 3.3 holds overM X (P) = λM X (P) λ too. The proof is the same.
Remark 3.6. Let F denote the kernel of the surjective morphism of vector bundles O X (1) ⊕(r +1) → N on X . Then R • π * f * F is a perfect dual obstruction theory forM (X ) relative toPic, and therefore defines a virtual class [M (X )] virt . This virtual class is in fact intrinsic to X , i.e. independent of the choice of embedding X ֒→ P r . In Definition 3.4 above we defined a virtual class [M (X ) 0 ] virt on the main component ofM (X ). In rest of this paper we will define virtual
A -
It will be convenient to work with blow-ups Bl (M (P)) ofM (P) and Bl (Ṽ ) ofṼ with the property that the cone C Bl (M (P))/Bl (Ṽ ) is a line bundle. In this section we introduce these blow-ups.
Construction 4.1. LetÃ be a very ample line bundle as in Section 3.1, let V denote the total space of π * L(Ã), and letṼ = V × PicP ic. We have an embeddingM (P) →Ṽ . Recall that the main component ofM (P) is denoted byM (P) 0 , and that the remaining components M (P) λ are indexed by λ ∈ I . We fix an order for λ ∈ I . We blow upṼ alongM (P) 0 and then alongM (P) λ , one component at a time in the given order, denoting the resulting blow up by pṼ : Bl (Ṽ ) →Ṽ . Note that Bl (Ṽ ) is smooth. Let Bl (M (P)) be the exceptional divisor in Bl (Ṽ ). Then there is a Cartesian diagram
and Bl (M (P)) has components Bl (M (P)) λ , λ ∈ {0} ∪ I . Notation 4.2. Let Bl (M (X )) denote the fiber productM (X ) ×M (P) Bl (M (P)), and let p X : Bl (M (X )) →M (X ) be the morphism induced by p P . Recall the definition ofM X (P) from Remark 3.5. We denote by Bl (M X (P)) the fibre productM X (P) ×M (P) Bl (M (P)).
is a perfect dual obstruction theory for Bl (M (P)) relative toPic.
is a perfect dual obstruction theory for Bl (M (X )) relative toPic.
is a dual obstruction theory for the embeddingM (P) →Ṽ and therefore the vector bundle
is a perfect dual obstruction theory for Bl (M (P)) → Bl (Ṽ ). The composition
]. This proves (i).
Proposition 4.3 defines virtual classes on Bl (M (P)) and Bl (M (X )).
Lemma 4.4. We have that
Proof. Pull-backs commute with push-forwards.
Lemma 4.5. We have
we need to show that
is the only component of C Bl (M (P))/Pic supported on Bl (M (P)) 0 we have that
for some K ∈ Q. Lemma 4.4 gives
virt and therefore K = 1.
A
Let λ ∈ I . The virtual class Bl (M (P)) virt , when restricted to Bl (M (P)) λ and pulled back using N λ , will have dimension different from the virtual dimension of Bl (M (X )). In this section we define a new virtual class Bl (M (P)) virt X on Bl (M (P)), which restricts and pulls back to something of the correct dimension. We will use this class (in §8 below) to define virtual classes on each of the components Bl (M (X )) λ .
Reduced restricted obstruction theories on
(ii) On Bl (M X (P)) λ , we have a surjective morphism
Proof. We have that
From the direct sum of r + 1 copies of the exact sequence
we get surjective morphisms
Thus we get a morphism of two term complexes
This shows the existence of the morphism in (i); surjectivity follows from the surjectivity of (6).
. Thus E Bl (M (P))/Pic is obtained by pulling back [TṼ /Pic → EM (P)/Ṽ ] along pṼ and composing with T Bl (Ṽ )/Pic → p * Ṽ TṼ /Pic . Thus (i) implies the existence of the morphism in (ii). It remains to prove surjectivity. Consider the exact sequence
where Q is a sheaf on the exceptional divisor. Restricting to Bl (M (P)) we get
This gives two exact sequences
We now consider the commutative diagram
. The Snake Lemma gives F ≃ Obs . Similarly, consider the commutative diagram
The Snake Lemma gives that
F ≃ Obs we get that the morphisms
are surjective. Restricting to Bl (M X (P)) and composing with the right-hand morphism in (6) proves (ii).
and let E X,λ Bl (M X (P))/Pic denote the kernel of
is a vector bundle stack on Bl (M X (P)) λ that contains C λ
(ii) Let Q be a fixed node as in Remark 3.5. Denote by E X,λ Bl (M X (P))/Pic the vector
Proof. Let U be an open subset of the smooth locus inM (P) λ , and write
We first show the statement for C λ
, which is a vector bundle stack over Bl (U ). This amounts to showing that the morphism
is zero. Recall the construction ofPic discussed just below equation 4 and the definition of k (λ) just above Proposition 3.2. Set k = k (λ), so that the componentM (P) λ sits over the locus ∆ k in Pic.
Case 1: k = 1. We want to show that the composition
is zero. For this it is enough to show that
is zero. We have that
After shrinking U , if necessary, and passing to an étale cover we may assume thatÃ = A 1 + A, where A is a section of the universal curve overPic, and that there exists some i in {0, 1, . . . , r } such that u i does not vanish on the contracted elliptic component of the curve. Without loss of generality we take i = 0. LetW be the total space of π * L(A) ⊕(r +1) overPic. Then the construction in §3.1 gives a composition of embeddings
is locally isomorphic to
. Let us describe C U /W on an open set; we will see in particular that U is codimension two inW . Consider now the local charts introduced in [11] . Let M div,d be the Artin stack of pairs (C, D) where C is a nodal elliptic curve and D ⊂ C is an effective divisor of degree d ; this was denoted in [11] by D d
1 . LetW ′ be the total space ⊕ r i =1 π * L(A) over M div,d -noting that the index i runs from 1 not 0 -and observe thatW is the total space of
where the square is Cartesian and the bottom horizontal map is given by A.
The Euler sequence on P r implies that the following sequence is exact
By further shrinking U we may assume that this sequence splits on U ; this shows that π * f * T P (A)| A is a dual obstruction theory for U →W ′ . Let O (ξ) be the line bundle overM (P) λ with fiber at a point (C, f ) the
, where Q is the node of C connecting the contracted genus one component E of C to the rational part R. With this we have that C U /W ′ is isomorphic to O (ξ). This implies that
With this, (7) becomes
(This sequence lives onM
where E is the Hodge bundle, we can rewrite (7) as
(This sequence also lives onM X (P) ∩ U .) Since Q ∈ X we have an exact sequence
where f R is the restriction of f to R. This shows that the composition in (7) is zero, as claimed. Case 2: k > 1. Let Ξ k denote the exceptional divisor ofPic → Pic which maps to ∆ k . We have that
Arguing as in Case 1, but replacing O (ξ) by O (Ξ k ), we see that we need to show that the composition
on U , where (C ; p 1 , . . . , p n ; L; u 0 , . . . , u r ) are as in §3.1 and t 1 , . . . , t k are projective co-ordinates on the normal bundle to ∆ i in Pic. The tautological sequence on the projectivised normal bundle starts with
where the rational component R i meets the contracted genus one component E at Q i . Hu-Li have shown (in the statement and proof of [11, Theorem 2.19] ) (8) arises from the composition of the exact sequence above with the map
induced by the derivative of the section that defines X . Note that the righthand side here does not in fact depend on i : the restrictions of f * T P to Q i coincide for i = 1, 2, . . . , k , since the elliptic component E of the curve is collapsed by f . It follows that the composition (8) is zero. Remainder of the argument: So far we have shown that the composition
is a line bundle and Bl (M X (P)) λ is irreducible, this in fact shows that the composition is zero on all of Bl (M X (P)) λ . This proves the Lemma. Statement (ii) is an immediate consequence of (i).
A new virtual class on Bl (M (P)). We are now in a position to define the new virtual class Bl (M (P))
virt X on Bl (M (P)). 
Recall that C 0 is contained in E 0 , and that C λ is contained in E X,λ . We define a virtual class on Bl (M (P)) by:
Remark 5.4. In general, [Bl (M (P))] virt X is not a pure-dimensional cycle. Remark 5.5. Since the cones C 0 and C λ are vector bundle stacks, we can write the virtual class in terms of excess bundles:
where Cok 0 is the cokernel of C 0 → E 0 and Cok λ , λ ∈ I , is the cokernel of C X,λ → E X,λ . Each Cok λ is a vector bundle, λ ∈ {0} ∪ I .
D
We now give a a construction inspired by Kim-Kresch-Pantev's proof of functoriality for virtual classes [13] . Construction 6.1. Consider an exact triangle of complexes on an algebraic stack which are supported in degrees [-1,0]
We construct F a flat family over P 1 defined as follows. Take the morphism
Here T and U are coordinates on P 1 . Define F to be the vector bundle stack associated to the cokernel of g . The general fiber of F is isomorphic to h 1 /h 0 (F • ) ∨ and the special fiber F 0 is isomorphic to
and we use the following notation
Proposition 6.2. The family F is trivial over
Proof. Consider the automorphism
we see that its cokernel is the trivial family A 1 × F . The associated vector bundle stack is
Construction 6.3. In notation as above we have
Given C a cone stack inside a vector bundle stack h 1 /h 0 (F • ) ∨ and E • , F • complexes as above. By the above proposition we can consider C × A 1 in
Then C is a flat family. We denote the fiber over [0 : 1] by C 0 and we call it the limit of C in
Consider now the special case of Construction 6.3 where X → Y → Z are DM morphisms of stacks, E • is a perfect obstruction theory for X → Y , F • is a perfect obstruction theory for X → Z , G • is a perfect obstruction theory for Y → Z , and C = C X /Z . We thus obtain embeddings of cones
and a special fiber
In the fiber of F over zero we also have an embedding
However, in general it is not true that the limit of C 0 is C X /C Y /Z .
A deformation of the obstruction theory on Bl (M (X )).
Let us now apply the general theory just discussed to the obstruction theory E Bl (M (X ))/Pic . This will construct a deformation of the cone C Bl (M (X ))/Pic . Notation 6.4. Recall that on X we have a surjective morphism from O (1) ⊕(r +1) to N . Let F denote the kernel of this morphism.
Lemma 6.5. Let N 0 and N λ , λ ∈ I , be as in Remark 3.5.
Then, we have morphisms of complexes onM (X ) 0 andM X (P) λ :
and morphisms of complexes on Bl (M (X )) 0 and Bl (M X (P)) λ :
where Bl (F ) • is the complex
Remark 6.6. As we will see in the proof, Bl (F ) • is in fact quasi-isomorphic to a complex supported in [0, 1].
Proof. We replace Rπ * f * F with the quasi-isomorphic complex
The arguments for N λ , p * P (N 0 ) • , and p * P (N λ ) • are the same. Lemma 6.7. Let (G 0 ) • and (G λ ) • be the mapping cones of the morphisms in (10), and let Bl (G 0 ) • and Bl (G λ ) • be the mapping cones of the morphisms in (11) .
Proof. Let λ ∈ {0} ∪ I . The mapping cone of the morphism in (10) is the complex
. This is quasi-isomorphic to the complex of vector bundles
Let us write
F for the vector bundle stack
Dualizing the preceding discussion and applying the construction in §6 gives deformations
Here we used the fact that, for λ ∈ {0}∪I , the vector bundle stack
is just the vector bundle N λ . Similarly there are deformations
T -
Notation 7.1. Let F and G be Artin stacks. Given a morphism F → G of Deligne-Mumford type, Kresch [15] defines a stack M • F G together with a flat morphism M • F G → P 1 with general fibre G and fibre over 0 ∈ P 1 the normal cone C F /G . This is a generalisation of Fulton-MacPherson's deformation to the normal cone [8] . The construction is spelled out in detail in [21, Theorem 2.31 ]; see also [13] . Since we already have a number of spaces called 'M ', we will use different notation, writing Def
There is a commutative diagram
where the diagonal arrow is projection to the second factor.
Let us now analyse the obstruction theory of Bl (M (X ))×P 1 in Def Bl (M (P))P ic. Observe first that there are morphisms of complexes onM (X ) 0 andM X (P) λ
This follows by considering the morphism
where the upper horizontal arrow is the projection; the lower horizontal arrow is the embedding
; the vector bundle K was defined in (12) ; and λ ∈ {0} ∪ I . There are also canonical morphisms of complexes onM (X ) 0 andM X (P) λ
and
Here (14) arises from applying R • π * to the map F → L ⊕(r +1) and (15) arises from the construction of (G λ ) • as a cone, λ ∈ {0} ∪ I . Dualising (14) and applying Construction 6.1 yields morphisms (15) and applying Construction 6.1 yields morphisms
Write c (g ) for the mapping cone of g and c (h) for the mapping cone of h. The morphism (13) induces a morphism of complexes from c (g ) to c (h).
Consider the commutative diagram
where j is the inclusion ofM (X ) inM (P). Applying Construction 6.1 to the bottom morphism yields
overM (X ) × P 1 , and applying the Four Lemma to the morphism
of distinguished triangles gives an embedding of cones
Writing c (h) ≥−1 for the [−1, 0] truncation of the complex c (h), we see that there is an embedding of cones
over P 1 \ 0, and the fibre over 0 ∈ P 1 is π * f * N ⊕ j * EM (P)/Pic .
Proof. Locally, we have that c (h) is the complex
There is an entirely analogous story on the blown up moduli spaces. There are morphisms of complexes on Bl (M (X )) 0 and Bl
as well as
Here (16) arises by arguing as in the proof of Lemma 6.7; (17) arises by arguing as in the proof of Lemma 6.5; and (18) arises from the construction of (G λ ) • as a cone, λ ∈ {0} ∪ I . Dualising (17) and applying Construction 6.1 yields morphisms (18) and applying Construction 6.1 yields morphisms
The morphism (16) induces a morphism of complexes between the mapping cones c (Bl (g )) and c (Bl (h)). As before, applying Construction 6.1 to the morphism of cotangent complexes
over Bl (M (X )) × P 1 , and there is an embedding of cones
Proof. Locally, we have that c (Bl (h)) is the complex
. The result follows.
7.1.
A blow-up of the deformation space. The complex c (Bl (h)) fails to be perfect on a codimension-2 subset of Def Bl (M (P))P ic. We therefore consider the blow-up of the deformation space along this locus, and twist the analogous complex on the blow-up so that it becomes perfect.
Construction 7.5. Consider the blow-up of Def Bl (M (P))P ic along the locus
in the fibre over 0 ∈ P 1 . We denote the blown up space by 
where the bottom horizontal map arises from Remark 7.2. Let D Z denote the exceptional divisor for p Z .
Let us extend the Cartesian diagram (19) to a larger Cartesian diagram (20)
Lemma 7.6. Let c (h) denote the complex p * Z c (Bl (h)) ≥−1 . Then there are embeddings of cones
where c (h) is the mapping cone ofh.
Proof. Recall the definition of Bl (l ) just above Lemma 7.4. Kim-KreschPantev prove that there is an embedding of cones [13, Proposition 1]
The discussion just before Lemma 7.4 shows that h 1 /h 0 ((c (Bl (h)) ≥−1 ) ∨ ) contains h 1 /h 0 (c (Bl (l )) ∨ ), and we have that p * Z c (Bl (h))
Lemma 7.7. h 1 /h 0 (c (Bl (g )) ∨ ) contains the abelian cone stack
As before, there is a morphism of distinguished triangles
over Bl (M (X )) × P 1 . The Four Lemma implies the conclusion.
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Let K λ , λ ∈ I , denote the vector bundle on Bl (M X (P)) λ given by the kernel of p * P N λ → p * P π * f * N | Q λ , where Q λ is a node on the contracted elliptic component E that separates E from a rational component R of the curve. Define:
We are now in a position to state and prove our main result.
Theorem 8.1. There is an equality
This implies the promised decomposition of the virtual class onM (X ).
Corollary 8.2.
There is an equality 
we see that this agrees with the Vakil-Zinger definition
By construction we have a morphism DD ′ → P 1 × P 1 . Restricting to zero we get a morphism C Z (X )/Def ′ Bl (M (P))P ic → P 1 . This morphism may not be flat; it has general fiber C Bl (M (X ))/Pic . Restricting in the other direction we get a flat morphism
where Def ′ 0 and Z (X ) 0 are the fibres over 0 ∈ P 1 of, respectively, Def ′ Bl (M (P))P ic and Z (X ) in the following diagram:
Def Bl (M (P))P ic y y r r r r r r r r r r r
The fibre Def ′ 0 is the union of C Bl (M (P))/Pic and the exceptional divisor D for p.
Commutativity of intersection with divisors gives that
. We now write the fibre Def ′ 0 as a union of components. As Bl (M (P)) is a union of components
λ the cone C Bl (M (P))/Pic is also a union of components, which are supported on the components of Bl (M (P)). We write 
This decomposition induces a decomposition of the cone C Z (X ) 0 /Def ′ 0 as a union of components. Write D λ for the union of components of D that lie over Bl (M (X )) λ . Consider the fiber product
This sits in a Cartesian diagram
where the lower part is diagram (20) . Note that if we replaced D λ in this diagram by another component C λ
of Def ′ 0 , λ ∈ {0} ∪ I , then the corresponding fiber product would just be Bl (M (X )) λ . Thus
Each of these components of C Z (X ) 0 /Def ′ 0 embeds into a vector bundle stack. Recall that
here we used Lemma 5.2. Furthermore
by Lemma 7.7 and the fiber of
We now look at embeddings of families of cones in vector bundles. For this we write C X = C Bl (M (X ))/Pic as a union of components C 0 X ∪ λ ∈I C λ X such that C 0 X is supported on the main component Bl (M (X )) 0 , C λ X is supported on the ghost component Bl (M (X )) λ , and
Such expressions are not unique, as C X may have components supported on Bl (M (X )) 0 ∩ Bl (M (X )) λ . After making such a choice we have 
on Bl (M (X )) × P 1 , and pull it back to Z to obtain an exact sequence
Denote the kernel of the left-hand map by N ′ . In the following we show that N ′ is a vector bundle on Bl (M (X )) 0 . Restricting to the main component, we
is quasi-isomorphic to
and the map factors as
where the right-hand map is multiplication by D Z and the left-hand map is surjective. Since locally N ′ is the kernel of a surjective map to a line bundle, it is a vector bundle on Bl (M (X )) 0 .
The fiber of h 1 /h 0 (c (h) ∨ ) over 0 ∈ P 1 is N ′ ⊕ p * Z E 0 . Lemma 7.6 therefore implies that C 0 lim ֒→ N ′ ⊕ p * Z E 0 . This gives a class [Corr] virt := 0
and we get
by deformation invariance (for the first term) and the definition of the virtual class on Bl (M (P)) 0 (for the second term)
λ , and we have
. From (22) again we have that
/D λ and Lemma 8.4 implies that
The first summand on the right-hand side of (24) is
where K λ was defined just above Theorem 8.1. Here we used the fact that the difference between C λ Bl (M X (P))/Pic and C λ
, which is a vector bundle, coincides with the difference between p * Z E λ and p * Z E X,λ ; note that p * Z E X,λ and p * Z Bl(G) λ coincide. The local model here is [2, Example 3.12(a)]. Arguing as in the λ = 0 case, (25) is
Furthermore, Lemma 8.5 implies that the third sum in (24) vanishes. It follows
Adding this to the contribution from C 0 X proves Theorem 8.1. Lemma 8. 4 . We have that
Proof. By definition we have
From the Cartesian diagram
we get that
where Cok 0 was defined in Remark 5.5. We now compute 0 !
On the intersection of the main component with the ghost components we have that C 0 ≃ C λ . The result follows.
Lemma 8.5. For any λ ∈ I we have that
, where Cok λ is as in Remark 5.5. Then by functoriality of virtual pull backs [21] , we have that
By commutativity of pull backs with push forwards we get that
Since the virtual dimension of D λ is equal to the dimension ofM (P) and the dimension of p Z (D λ ) is strictly smaller than the dimension ofM (P) it follows that (p Z ) * [D λ ] virt = 0. This proves the Lemma.
C
We show that the splitting in §8 is compatible with push forwards. 9.1. Virtual push forwards. Consider
Here λ denotes the combinatorial data (k ; n 0 , . . . , n k ; d 1 , . . . , d k ) and Γ λ is the (finite) automorphism group of this data. See [16] for more details. P (P) λ is smooth and we take [P (P) λ ] virt = [P (P) λ ]. Define a virtual class on P (X ) λ by
Recall that the ghost components are indexed by λ ∈ I . Let J ⊂ I denote the set of indices of ghost components consisting of maps from curves such that the irreducible genus one component carries no marked points. Let 1 ∈ J denote the index of the ghost component whose generic point consists of a collapsed genus one component with no marked points, attached to a single n-marked, degree-d rational tail. Let M 0 (X ) denoteM 0,n (X, d ), and let
λ denote the natural projections. We are interested in computing
The projection formula implies that
To compute (q λ ) * [M (X ) λ ] virt , we will show that q λ satisfies the virtual pushforward property [22] whenever λ ∈ J .
Lemma 9.1. There is a Cartesian diagram Bl (M (X )) 1 9.2. A local calculation for CY threefolds. In this section we consider X a smooth projective Calabi-Yau threefold and we set n = 0.
Lemma 9.5. LetM (X ) 1,• denote the complement of the locusM (X ) 0 ∩M (X ) 1 inM (X ) 1 . Then,M (X ) 1,• has a virtual class and the morphism q 1 is proper oñ M (X ) 1,• .
Proof.M (X ) 1,• is open inM (X ) and therefore it has a virtual class
The second statement is clear.
Lemma 9.6. We have
Proof. Writing ξ 1 for the divisor onM (X ) which corresponds to smoothing the node Q , we see that Remark 9.7. We have seen in the proof of Lemma 9.6 that q λ restricted tõ M (X ) 1,• has a perfect dual obstruction theory. Even more, we have a map of relative obstruction theories EM (X )/Pic → EM 0,0 (X )/Pic 0,0 .
One could hope that we have an induced morphism of cones CM (X )/Pic → CM 0,0 (X )/Pic 0,0 , which would give a proof of Theorem 9.4. We do not know if such a morphism exists, because we do not have sufficiently explicit equations forM (X ) insidẽ M (P). Proof. By Proposition 9.3, we only need to compute (q 1 ) * [M X (P)] virt . (Note that I = J here.) By Proposition 9.2, we have
0,1 (P)], for some k ∈ Q. Since the intersection ofM X (P) with M (P) 0 has codimension r inM X (P) and the virtual class ofM X (P) has codimension 2 inM X (P), there are no components of [M X (P)] virt supported on M (P) 0 ∩M X (P). This shows that we can compute k on points in M 0 (X )∩q 1 (M (X ) 1,• ) in the following way. By possibly replacing [M 0 (X )] virt with a reduced cycle, we can choose a smooth point j : pt ∈ [M X 0,0 (P)] virt and let F be the fiber of q 1 over pt . Let us look at the following Cartesian diagram Proof. Combine Corollary 8.2, Theorem 9.4, and Theorem 9.8.
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